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This paper deals with the optimization of aircraft noise-abatement departure procedures. A multicriteria
optimization strategy is presented, where the fairness of the optimal trajectories is assessed vis-a-vis the different
noise-sensitive locations around the airport of study. This equitable optimization is formulated as the minimization of
the maximum noise-annoyance deviation regarding all considered locations. This strategy is complemented with an
iterative lexicographic optimization algorithm which, in turn, guarantees the Pareto efficiency condition of the final
solution. Aircraft operating costs are also considered by neglecting the marginal benefits of noise reduction below a
certain threshold value. An application example is shown (as an illustrative case) based on a departure of runway 02
at Girona airport in Catalonia, Spain. The results show the feasibility of this technique, which is intended to be used

by procedure designers or airport authorities.

I. Introduction

HEN designing aircraft-terminal area procedures, several

factors must be taken into account, such as obstacle clearance
or air traffic management constraints. Noise footprints are also
becoming an important indicator to be considered in the design of
such procedures. In fact, specific noise-abatement procedures are
defined in several airports for either the departure or arrival/approach
phases. Moreover, the introduction of area navigation (RNAV) and
required navigation performance concepts in terminal airspace will
improve the design of such procedures by allowing more flexibility in
the route design and by reducing the dispersion of the flight tracks.
This paper addresses the computation of such noise-optimized flight
trajectories aimed at mitigating the noise exposure over the populated
areas around the airport. This optimal guidance problem is a non-
linear, continuous, constrained optimal control problem [1,2], and in
recent years, several numerical methods aiming at solving it have
been widely spread due to the increase in computational perform-
ances of common desktop computers. For an interesting and
complete survey of these numerical methods, the reader may refer to
[3]. In the present paper, the original infinite-dimensional problem is
converted into a finite-dimensional optimization problem by
transforming the aircraft dynamics system into a problem with a
finite set of variables that are solved by using a parameter optimi-
zation method, i.e., with nonlinear programming (NLP) [4,5].

In the particular field of aircraft noise-abatement procedures,
trajectory optimization techniques are a subject of extensive research
and have also been studied by several authors. For instance, in [6], a
tool combining a noise-computation model, a geographical inform-
ation system, and a dynamic trajectory optimization algorithm is
presented. With this tool, optimal noise procedures can be computed.
A similar methodology is proposed by Clarke and Hansman [7] and
an adaptative algorithm for noise abatement is also explained in [§].
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On the other hand, Atkins and Xue [9,10] present a dynamic
programming technique for minimizing noise in runway indepen-
dent aircraft operations. More recently, and exploiting the multistage
capability of the tool, RNAV procedures are optimized in [11],
offering the possibility to calculate routes that can be programmed
into current flight management systems (FMS). Finally, in [12,13]
another algorithm, based again on direct collocation methods, is
defined, and in [14,15], it is shown how this methodology is
implemented and tested onboard an aircraft.

The optimization of noise-abatement procedures is also a non-
convex multicriteria minimization problem. In the general case, these
kinds of problems are ill defined due to the interrelation among the
objective functions. This means that, if we try to minimize one
criterion, we may end up maximizing another one; therefore, an
appropriate multi-objective decision-making strategy must be used.
Common scalarization (or weighting) techniques present some
drawbacks, especially with nonconvexities or with the difficulty that
arises when different incommensurable criteria (such as noise and
fuel) must be considered at the same time [16]. Another potential
issue when dealing with the minimization of noise footprints is the
computational burden that is required if wide areas of population are
to be considered. Some of the previous works consider just a few
singular measurement points where noise is supposed to be mini-
mized. Other studies dealing with big areas of population use
relatively coarse measurement grids in order to keep the computa-
tional burden within acceptable levels.

In this paper, the authors propose an alternative multi-objective
optimization methodology based on egalitarian and lexicographic
techniques as devised in previous research (see [17,18]). The main
goal of this technique is to guarantee a certain degree of fairness
among all the noise-sensitive locations. In addition, this method-
ology allows us to work with a more precise noise-measurement grid,
permitting to assess real-world complex scenarios where several
noise- sensitive areas are present. Hence, in Sec. Il of this paper, this
optimization framework is outlined and the different implemented
models are described. Then, Sec. III presents the proposed multi-
objective optimization strategy and, finally, an illustrative numerical
example is given in Sec. IV, where the departure trajectories for two
different aircraft are optimized at Girona airport in Catalonia, Spain.

II. Optimization Framework

Figure 1 summarizes the tool that has been developed with the aim
of optimizing departure or approach trajectories. The involved
airport, with its surrounding cartography, geography, and mete-
orological data, defines a scenario that is used to compute a given
amount of noise annoyance as a function of the emitted aircraft noise
along its trajectory. This value, together with some airliner economic
considerations, defines one or several optimization criteria. Then, an
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Fig. 1 Optimization framework.

optimization algorithm computes the best departing or approaching
trajectory, minimizing these criteria and satisfying a set of trajectory
constraints that, in turn, depend on the dynamics of the aircraft, the
navigation constraints, and the specific airspace configurations. In
this tool, the NLP problem resulting from the discretization of the
original optimal control problem is coded by using the general
algebraic modeling system (GAMS).} Then, the GAMS calls the
built-in solver CONOPT! to perform the actual parameter
optimization.

This problem can be formally written as a constrained optimal
control problem in a given time interval [t ¢/]. In this case, the value
of #; is left free during the optimization, meaning that it is a decision
variable itself that will be fixed by the optimization algorithm. Let
x(t) € R"x be the state vector describing the trajectory of the aircraft
over the time ¢, let u(f) € R" be the control vector that leads to a
specific trajectory, and let p € R"» be a set of control parameters not
dependent on ¢. Yet, the time dependency will be dropped from the
notation from now on, for the sake of simplicity, in the cases where
confusion is not possible. The goal of this problem is to find the best
trajectory that minimizes a given set of n; optimization objectives (or
criteria) J € R, namely,

min{‘]l(z)’JZ(z)’"'7J;1I(Z)} (1)
z€Z

where the admissible set of decision variables z =[x, u, p,1,]" is
defined as Z = L,(R,R"™) x L,(R,R™) x R? x R, and J;(z) are
scalar valued functions representing each individual criterion or
objective.

A. Aircraft Dynamics

To derive the equations of motion, the aircraft is treated as a single
point of mass. Therefore, only translational motion is considered,
neglecting the angular motion of the aircraft [19]. In fact, this
assumption means that only the guidance dynamics are considered,
since it is assumed that the aircraft would be equipped with autopilots
dealing efficiently with the fast rotational dynamics. It is also
assumed that turn maneuvers are achieved in a coordinated way (the
sideslip angle remaining approximately null), and the aircraft is
assumed to fly in a standard atmosphere with calm winds, over a
locally flat nonrotating Earth, and with a constant aircraft mass
during the departing procedure.

$Data available at http://www.gams.com [retrieved October 2010].

IData  available at http://www.aimms.com/aimms/product/solvers/
conopt.html [retrieved October 2010].

By using a relative-wind axis formulation, the state vector
representing the aircraft trajectory is formed by six components that,
for this work, have been chosen as follows:

x=[v x v N E h] ())
where v is the true airspeed, y is the aerodynamic heading yaw angle,
and y is the aerodynamic flight-path angle (FPA). Vector r =
[N E h]" represents the aircraft center of mass position, where N
and E are the northward and eastward distances, respectively, from a
arbitrary chosen origin, and % is the height above this origin
(typically the runway threshold). On the other hand, the control
vector is chosen as

u=[n pl 3
where n is the load factor, and p is the aerodynamic bank angle.
Finally, the control parameters vector is formed by a single
component (p = [A.]), which denotes the height where the thrust
cutback is performed. When the aircraft reaches this height, the initial
takeoff—go-around thrust configuration is commuted to a climb thrust
configuration.

According to the previous considerations, aircraft dynamics are

described by the following set of differential equations:

LT (v, h,h,) — D(v.n) — mgsiny]
Veosy
&[ncos u —cosy]

VoS X cos Y
vsin x cosy
vsiny

“

S 2R X e

where g is the local gravity vector module, m is the mass of the
aircraft, and the aerodynamic drag force D is denoted by

1

D(v,n) = 2

pSa(v)v? + 2mg® b(v) Hz 5)
pS v

where S is the total wing surface, and p is the air density that is
modeled according to the International Standard Atmosphere (ISA)
[20]. The value of aerodynamic coefficients a(v) and b(v) depends
on the aircraft flap and slat configuration, where the transition from
one configuration to another is usually executed at given operational
speeds:
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where a; is the constant aerodynamic coefficient corresponding to
the flap/slat configuration i, the operational speed where the
transition from configuration i to j is performed is denoted by v;_, ;,
and ¢ is the total amount of different flap/slat configurations. The
aerodynamic coefficient b(v) could be expressed as a function of the
same operational speeds in a similar way.

On the other hand, for a takeoff procedure, the total net thrust as a
function of time can be expressed by

| Troga(v, h) if h <h,
T(v,h,h,) = {TCL(v,h) it h>h )

where Troga is the thrust in takeoff—go-around setting, while 7.
corresponds to the climb setting. Since we are dealing with a takeoff,
we suppose that, in the whole procedure, the autothrust system is
providing the maximum available thrust at a given speed and altitude
for each thrust setting. In addition, %, denotes the height where a
thrust cutback is performed. When the aircraft reaches /.., the initial
takeoff—go-around setting is commuted to the climb thrust setting. In
this way, we take into account current takeoff operational procedures,
where the pilot applies a single cutback at a specified altitude or
height.

In a similar way, for an aircraft departure, fuel consumption is
modeled as

_ | FFroga(v, h) if h <h,
FF (v, h, h.) = {FFCL(U7 h) it h>h (8)

where FFpgga is the fuel flow in the takeoff—go-around config-
uration, while FF; corresponds to the fuel consumption in the climb
configuration.

Finally, it is worth mentioning that, in order to avoid numerical
issues, piecewise Eqs. (6-8) have been approximated with arctangent
functions, which are continuous and differentiable and, therefore,
more suitable for numerical treatment [18].

B. Noise-Annoyance Model

Here, noise annoyance at different sensitive locations is taken as
the principal metric for the noise-impact optimization functions.
Noise annoyance mainly depends on the noise level being perceived
at a particular location. The same methodology as the integrated
noise model (INM) developed by the U.S. Federal Aviation
Administration software* is used to compute the noise functions.
INM deals with several noise metrics and, in particular, noise levels
are computed at a given point by selecting and interpolating
appropriate noise values from a noise—thrust—distance table that, in
turn, is derived from empirical measurements [21]. INM models
provide more accurate contributions to noise propagation, such as
weather conditions and cartography, but they are not considered in
this paper. However, if implemented, they could be added to the
existing framework.

Besides acoustic elements, such as loudness, intensity, spectra
distribution, and duration, there are several other elements that need
to be taken into account in defining a noise-annoyance figure.
Zaheeruddin and Guru [22], Botteldooren et al. [23], and others have
shown that noise annoyance can be studied as a qualitative form by
using fuzzy logic sets. In previous work, Prats et al. presented how
noise annoyance could be modeled by using these techniques in the
function of the type of zone being flown over, the maximum noise
level, and the hour of the day when then flight is taking place [24]. For
this paper, trajectories are supposed to be flown at 10 h, and only

**Data available at http://www.faa.gov/about/office_org/headquarters
offices/aep/models/inm_model/ [retrieved October 2010].
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Fig. 2 Representation of the normalized annoyance index in function
of L, at 10 h.

residential and industrial zones will be considered. A polynomial
function of L, will define a normalized annoyance index
(expressed over the interval [0, 1]), which will be used to build up the
optimization functions. Figure 2 graphically shows these functions
for the two considered zones.

III. Multi-Objective Optimization Strategy

Let A;(z) be the normalized annoyance index (or just annoyance)
at location i for a given trajectory z and at a given hour of the day. Let
A? be the ideal annoyance value at the same location (i.e., as if the
minimization of the annoyance at location i was considered as a
single objective optimization problem). Then, for the trajectory z, an
annoyance deviation at location i is defined as

Ai(z) = Ai(z) — A} ©

These deviations will be used as optimization functions for the
problem presented in this paper. Besides noise annoyance, aircraft
operating costs will also be taken into account. FMSs, now used on a
wide range of aircraft, deal with a compound cost function involving
fuel and time consumption during the flight. A cost index parameter
(CD) relates the cost of time delay to the price of the fuel and is chosen
by an operator before each flight [25]. Thus, this airliner cost function
is defined as

C, = / "[FE(r) + CI dt (10)

where, by definition, CI > 0 and FF(z) is the fuel flow in the function
of the time.

A. Fairness and Pareto Optimality

When a multi-objective optimization problem is solved, there
exists, in general, an infinite set of optimal solutions that are equally
acceptable from a mathematical point of view: the Pareto optimal or
efficient solutions. A solution z* of the multi-objective optimization
problem, presented in Eq. (1), is said to be Pareto optimal if there
does not exist another z € Z, such that J;(z) < J;(z*) for all i =
1,---.nyand J;(z) < J;(z*) for atleast one index j. In other words, a
solution is Pareto optimal if, and only if, an objective J;(z) can be
reduced only at the expense of increasing at least one of the other
objectives. Conversely, a solution z* is said to be weakly Pareto
optimal if there does not exist another z € Z, such that J;(z) <
Ji(z*) forall i € {1,---, n;}. Therefore, the Pareto optimal set is a
subset of the weakly Pareto-optimal set [16]. Since it is generally
desirable to end up with just one final solution, a new element is
added in a multi-objective optimization problem, which is a decision-
making process. However, this task is not always straightforward,
because selecting one solution out of the set of Pareto-optimal ones
calls for information that is not contained in the objective functions.
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http://www.faa.gov/about/office_org/headquarters_offices/aep/models/inm_model/

PRATS, PUIG, AND QUEVEDO 195

Usually, multicriteria optimization problems are solved by
scalarization. Thus, the original problem of Eq. (1) is converted into a
single objective optimization problem by forming a linearly
weighted sum of the objective functions J;, namely,

J=gg;ywm> (11)

The priority of the objectives is reflected by the weights w; > 0,
which are real numbers and are generally normalized; that is,

Zwi =1
i=1

providing that the different objectives are also normalized. However,
choosing the value of the weights is not always a straightforward
task. That is why this method is considered in the literature as an
a posteriori method, meaning that the decision maker runs several
optimizations by changing the values of the different weights,
choosing, at the end, the best weight vector that better conforms to
what he/she thinks is the best solution. In addition, weighted
formulas involve a summation of terms representing different magni-
tudes, often with very different scales in their units of measurement
(such as noise, fuel consumption, or flight time). Prats et al., in
[17,26], presented an alternative methodology by using lexico-
graphic optimization, where the different optimization objectives
were optimized iteratively according to their relative importance.
The most important objective is optimized first, and its optimal value
is kept as an additional constraint for the optimization of the second
objective, and the algorithm continues iteratively until all the
objectives have been minimized.

Yet, when all the criteria share the same priority or importance
(such as the noise at different sensitive locations), lexicographic
techniques are hard to apply. If scalarization methods are used, it
seems obvious to assign the same value to all individual weights
(w; =1/n; Vie{l,...,n;}), mnimizing, in this way, the aver-
age criterion. Criticisms on this kind of solution were mainly
reported by Rawls [27]: despite the fact that the average optimal
solution is Pareto efficient, the main concern is that there is no
fairness component embedded in this kind of decision-making
process. For example, an optimal trajectory where noise annoyance
is zero in some locations and extreme in other locations may still be
Pareto efficient. Moreover, the average annoyance value may be the
minimum one, even if a small minority is actually suffering from
extreme annoyance. Summing up, if each location is engaged in
minimizing its own annoyance, fairness tends to disappear.

In this context, Rawls [27] formulated an egalitarian principle,
stating that a fair system cannot be better off than its worse-off
individual. Therefore, if this principle is applied to solve the multi-
objective optimization problem of Eq. (1), we have

J* = min[maxJ;(z)], i=1,...,n (12)
z€Z i

Cost functionals of this form have been studied in [28,29] and are
already applied to flight optimization in [30] or, more recently, in [5].

B. Multi-Objective Optimization Algorithm

In this work, we propose to give more priority to noise-annoyance
minimization than to the minimization of the operational costs. In
this way, the trajectory is first optimized regarding only the noise-
annoyance impact. Then, the resulting annoyance optimal solution is
refined in order to minimize these operational costs by trading off, to
some extent, the optimal values of noise annoyance (hierarchical
optimization).

1. Lexicographic-Egalitarian Optimization for Noise Annoyance

Let us consider now the noise-annoyance minimization problem,
where several noise-sensitive locations are taken into account. Let ;.
be the total number of these locations (i.e., the total number of points

in the measurement grid) and let £ = {1, ..., n, } be the set of these
locations. As commented on before, the egalitarian technique of
Eq. (12) will be used and, for a given hour of the day, this
optimization problem is rewritten as

mig{A], A,, ..., A, } = min[maxA] (13)
zZ€ .

zeZ i€l

Note that, for the sake of simplicity, the trajectory dependency z will
be dropped from the notation from now on.

The solution of the problem stated in Eq. (13) guarantees fairness,
according to Rawls’ egalitarian principle, but the obtained solution is
weakly Pareto optimal. However, the lexicographic extension of this
Rawlsian criterion is indeed Pareto optimal [16,31], and it is adapted
in this work. This means that an egalitarian problem, as described in
Eq. (13), is solved iteratively, without wasting the solution of the
previous iteration step, until a Pareto solution is found. In this way,
the solution of this multicriteria optimization technique enjoys both
fairness and efficiency properties.

Let 7, be the optimal noise-annoyance deviation value obtained
from Eq. (13):

T, = min[maxA,] (14)

z€Z i€l

If, after this optimization, there is no feasible way to decrease the
noise annoyance in any location without increasing the F, optimal
value, the lexicographic-egalitarian solution is already found, and 7,
is the Pareto-optimal value of Eq. (13).

On the other hand, in the case that an improvement can still be
made in one or more noise-sensitive locations, without increasing the
value of 7 at some binding locations of the solution of Eq. (14), the
problem must continue. Therefore, the next step is to check which
noise-sensitive locations can be improved, allowing noise-
annoyance deviations below ;. Mathematically, location i € L is
blocked if

mig[AAA_, <%, Vjiel\{i}]=T (15)

Let B, € Lrepresent the set of blocked noise-sensitive locations that
satisfies Eq. (15), and let F; = L\B, be the set of the remaining
nonblocked, or free, locations. As stated previously, if B, = £, the
algorithm is stopped due to the fact that all locations are already
blocked. Otherwise, the new problem to be solved as a second stage,
without wasting the previous solution, is

T, = min[maxA;|A; <7,
7€Z ieF, /1

Y ji € Bi] (16)
This procedure is repeated until all noise-sensitive locations become
blocked. Then, at the general step k + 1 of this process, we have

T =min[maxAJA; <Fy,...,A;, <, Vj €B,...

7€Z i€F; Tk —

Vj, e Bl (17)

where

fk=c\{@zsm}

m=1

It is worthwhile mentioning that there exists the possibility that,
after a given optimization step k, the new set of blocked locations B,
may be empty. This would mean that two or more locations take the
optimal value T, but none of them become binding (or blocked).
Therefore, the noise annoyance at these locations could be separately
reduced while maintaining the remaining objective functions at their
optimal value ;. In this case, an external decision must be made by
artificially blocking at least one location (i.e., by choosing which
objective functions can be further improved). This issue, even if
mathematically possible, is expected to occur rarely in a real
scenario. Should it happen, the decision maker may be aware that he/
she is facing two or more equally fair solutions for that problem.
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2. Operating Costs Optimization

As mentioned previously, the costs derived from the operation of
the aircraft are also considered with the objective function defined in
Eq. (10). The iterative process explained previously may end when
all optimization criteria become blocked to their best egalitarian
value. However, a slight modification is introduced in this loop
stopping condition in order to take into account aircraft operating
costs. Thus, previous iterations may end as well if the noise
annoyances at all the remaining free locations at stage k are below a
minimum threshold value of A. This means that there is no worth in
further noise-annoyance reduction below this threshold and some
extra freedom is left for the minimization of the airliner cost. Then, as
a final optimization step, the airliner cost will be minimized without
wasting the optimal noise-annoyance values obtained in the previous
solution and will allow them to eventually increase up to this
predefined threshold value. At this stage, the user may perform,
eventually, some iterations with different values of A until an
acceptable tradeoff trajectory is found, according to his/her purposes
and experience.

Finally, Table 1 summarizes the whole multi-objective opti-
mization strategy that leads to the minimization of the noise-
annoyance impact and the flight operational costs.

C. Definition of the Measurement Grid

In real scenarios, areas of population exist instead of a limited set
of singular points. A usual way to take populated areas into account is
by defining a set of observer locations arranged in the form of a
geometric grid of points (see Fig. 3). However, compromises occur
between the desired accuracy and the computational burden when
solving the optimization problem. Obviously, the larger the size and/
or mesh of the grid, the more accurate the solution will be. Yet, it
would be more computationally expensive too. A possible solution to
improve the computational load would be to manually erase all those
points that are not inside a populated area; that is, only consider the
circles in Fig. 3. However, with large scenarios, even this approach
would be prohibitive if a fine mesh is used. As commented before, a
classic approach to solving a multicriteria optimization problem is by
using a scalarization function, such as in Eq. (11). If this technique is
used, a grid like the one shown in Fig. 3 must be used in order to take
into account all observation points to be averaged, and the
computational burden becomes an issue.

In this work, a different solution for modeling populated areas is
proposed, aiming at considerably simplifying the number of points
on the measurement grid. Taking advantage of the lexicographic-
egalitarian optimization formulation, we propose considering only
those relevant points that produce a significant influence in the

Table 1 Lexicographic-egalitarian minimization
algorithm for noise annoyance while taking
into account operating costs in the last step

1: Initialization:
k<0, Fy« L;By < @

2: repeat

3: Perform a constrained egalitarian optimization:

Terr < mingez[maxier, AlAj < T, A =Ty,
Vj€eB,.... VYV j.€B

4: Determine the set of locations with an optimal value of T, ;:

D« {i|Af =Ty, VieF;

5: Determine the new set of blocked locations By ;:

Byt < i Tyt = mingeziep[ A Ay S Fph s Ay <y,
Ajp1 ST Y €BL., Vi €B
Y jin € P\

6. Update the new set of nonblocked locations:

“7:1\'+1 = L\{UZ:?IH Bm}

7: Update step:

k<—k+1 ~
:until (B, =L)or (A; <A, Y, € Fp)
9: return Egalitarian solution as [A], A%, ..., A%/]

10: Minimize the flight operational costs:
Ci < min, z[C,|A; < max(A,Af) VieL]
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optimization process. This task is not straightforward and cannot be
formulated objectively. Therefore, we appeal to the common sense or
experience of the operator in charge of using the optimization tool.
For example, Fig. 4 shows a possible solution for the previous
example scenario. If the initial and final points of the trajectory are
known beforehand, the operator may guess how the optimal
trajectory could be. Depending on the scenario, several equally likely
solutions may exist, as is shown in Fig. 4. It is obvious that the
optimal trajectory may try to avoid populated areas while respecting
the flight dynamics constraints of the aircraft. Then, a distribution of
observation points following certain borders of the populated areas
closer to the final trajectory would be enough. Since the average
noise annoyance is not minimized in this case (as done with classical
scalarization techniques), it is not necessary to measure the noise
annoyance in the inner parts of the populated areas. There, the
acoustical conditions will be better, or at least equal, to those
measured in the borders of the area.

Depending on the scenario complexity, this process may not be
easy at the beginning, and perhaps some initial trials will be needed in
order to adjust the final distribution of measurement points. It is clear
that the greater the number of points, the greater the computational
burden will be. However, if the distance between two points is too
large, the obtained optimal trajectory may fly in between them. This
would lead to a virtual optimal solution that would be false, because
the noise annoyance in the inner part of the inhabited area has not
been considered (see dotted line in Fig. 4). Therefore, the user of this
optimization tool should be aware of these possible false solutions,
choose (accordingly) the most convenient distribution of measure-
ment points, check the obtained solution, and repeat the optimization
if necessary.

Fig. 3 Example of a regular grid.

IV. Application Example
This section presents some numerical examples based on the east
departures from runway 02 at Girona airport in Catalonia, Spain.
Two different aircraft are considered for this study, and their relevant
data are summarized in Table 2. Moreover, a noise-annoyance
threshold of A = 0.25 has been taken for these examples.

A. Considered Scenario

Nowadays at Girona airport, two standard instrumental departures
are published, and both lead to the Begur (BGR) VOR/DMEX

T'VOR denotes very high frequency omnidirectional radio range, and
DME denotes distance-measuring equipment.
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facility [32]. These departures overfly the Girona (GIR) VOR/DME
facility shortly after takeoff. Then, the aircraft following the
departure of BGR2Z perform a right turn to intercept the radial
(RDL)-088 of the BGR facility. This departure is used for small- to
medium-sized aircraft (such as the Boeing 737 or the Airbus A320),
since this turn is limited to a maximum airspeed of 185 kt. Heavier
aircraft use the other departure (coded as BGR3G), which continues
straight until overflying the Girona NDB (GRN), where the right
turn is initiated in order to intercept the RDL-105 of BGR. Both
procedures are not noise optimized, and they completely overfly a
wide area of population, as seen in Fig. 5. This figure shows the
northeast region of the airport where the runway is depicted with a
gray strip and is located at the lower left part of the figure. The BGR
VOR/DME facility falls well out of the figure, and it is located further
east. Moreover, all the residential zones and industrial zones are
highlighted.

The populated areas shown in Fig. 5 will be considered in this
example. Areas outside of this zone are sparse and, out of this area,
the altitude of the aircraft will be high enough that the noise
annoyance will be negligible. Therefore, in this scenario, a total
number of 119 measurement points are placed irregularly, as
explained in Sec. III.C. Among them, 87 points are in residential
areas while 32 are in industrial areas. Figure 5 shows the exact
location of these measurement points.

B. Trajectory Constraints

In a departure procedure, the initial position of the aircraft is
obviously the point where it gets aloft. However, the initial takeoff
phase, going from the brake release to the point where the aircraft
reaches a height of 122 m (400 ft), is not considered in the
optimization process, since the standard operational regulations
[33,34] almost restrict all degrees of freedom during this particular
phase. In this initial phase, the aircraft follows a straight trajectory,
following the departing runway heading at a constant speed (usually
the operational V, speed), which depends on the aerodynamics and
the actual weight of the aircraft. Moreover, during a normal takeoff,
the landing gear has been completely retracted when passing 122 m,
so it is not taken into account in the dynamical models of both
aircraft.

As commented before, the final departure point (BGR VOR/DME)
falls well outside of the noise-sensitive area considered for this study.
Therefore, with the aim of reducing the computational load of the
problem, only the trajectory inside this area will be considered. It is

#NDB denotes nondirectional beacon.

assumed that the remaining segment is flown directly to the VOR/
DME facility and, instead of fixing a final point in the trajectory to be
optimized, a more general final bound is imposed as follows:

E(t) > 11,000 m (18)

leaving free the final condition for the north coordinate N(t,). Then,
an additional constraint is added in order to guarantee that the aircraft
flies directly from the final point of the optimization to the actual final
point of the departure:

7T — arctan (M) if N(1;) > Nyor

N(tr)—Nyor
x(ty) = Evor—E(ty) ; (19)
arctan Nz;%w if N(t;) < Nyor
z if N(l‘f) = Nyor

where Eyor and Nyog are, respectively, the east and north
coordinates of the BGR VOR/DME.
The remaining bound constraints for the state variables are

v(ty) = Vs,
N(ty) = Nugo 10>

y(to) =72
h(ty) =122 m  (20)

x(t) = Xrwy>
E(ty) = Esgo 1

where y;, is the FPA that results when the aircraft is flying at V, speed
while applying takeoff—go-around thrust settings. On the other hand,
the origin of coordinates for this problem is placed at the threshold of
runway 02. Then, N,y  and Ey f are, respectively, the north and
east coordinates of the point where the aircraft reaches a height of
122 m (400 ft), and xrwy is the geographic runway heading. All
initial/final values of the variables not listed in Eq. (20) are
considered free and will be determined by the optimization itself
(including the time at the final point #,).

In addition, and for operational reasons, it is enforced that the
speed and altitude of the aircraft should not decrease during the
whole departure procedure. Moreover, for the considered scenario, a
minimum procedure departure gradient of 5.5% is imposed [32].
Then, these three path constraints are written as

EAS > 0; h>0
h(f) > h(ty) + 5.5/100 - /N2(1) + E*(1) @1

where in first approximation, the equivalent airspeed (EAS) is used as
operational velocity (instead of the indicated airspeed). Finally, some
variables should be bounded in order to ensure existing operational
or safety requirements for a given aircraft. Therefore, the following
bounding constraints are also defined for this problem:

EAS(f) < EAS, .
—25° < u(r) < 25°,

0.85 < n(t) < 1.15
244m<h,<915m  (22)

where the maximum EAS (EAS,.,) may be limited either by an
aircraft-related limit (maximum operating airspeed) or eventual
airspace constraints (such as the typical restriction of 250 kt below
10,000 ft). On the other hand, in [33] is specified that thrust cutback
height should be greater than 244 m (800 ft) for noise-abatement

Table 2 Aircraft data for the application example

Airbus A340-600 Airbus A321-200

Takeoff mass considered 368,000 kg 77,000 kg

Powerplant Rolls—Royce Trent 556  IAE V2533-A5

Wing surface 361.0 m? 122.6 m?

Initial flap/slat CONF3 CONFI1+F
configuration

V, speed 04.1 ms~! (183kt)  78.2 ms~! (152 kt)

Takeoff distance? 2440 m 1200 m

CI 70 kg/ min 70 kg/ min

“At ISA conditions.
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Fig. 5 Considered scenario with the ad hoc measurement grid. (Powered by Google Maps. ©2009 Google. Map data ©2009 Teleatlas.)

purposes. Finally, the load factor n, bank angle p, and maximum
thrust cutback height 4, bounding values correspond to typical
values applied by aircraft operators [35].

C. Optimized Trajectories

In this section, the optimal trajectories for both considered aircraft
are shown. Being that this problem is nonconvex, we cannot
guarantee that a global optimal solution is attained after each opti-
mization step. In fact, the obtained solution may be quite sensitive to
the initial variable values (or guesses) that are given at the beginning
of the optimization. The NLP solver used in this study allows the user
to specify these guess values before running the optimization. To
minimize the possibility of being stuck by a local solution, different
initial guesses are used before the initial step in the optimization
algorithm. The solution that gives the lowest objective value T is
kept. Then, the successive steps in the lexicographic-egalitarian
optimization start from the optimal trajectory obtained in the

previous step. Yet, after each step, an assessment is done in order to
detect possible local optima. This requires, in some cases, the repeat
of the optimization at step k with different guesses. Despite being a
tedious task, the step-by-step nature of this technique allows the user
to check regularly for possible local optima and maximize the
probability of ending up with a globally optimal solution in the last
step.

1. Optimal Noise-Annoyance Trajectories: Step-by-Step Example

To better illustrate how the proposed multi-objective methodology
works, the algorithm that derives from Eqs. (13) and (17) is presented
step by step in the following example, where the optimization of the
Airbus A340 departure is considered. In this first example, the airline
operating costs are not considered; therefore, the loop in the
algorithm shown in Table 1 will stop once all noise-sensitive loca-
tions have been taken into account in the lexicographic-egalitarian
process.
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As explained in Sec. IIL.B.1, the first step of the optimization
consists of the minimization of the maximum noise-annoyance
deviation regarding all locations [see Eq. (13)]. After performing this
optimization, an optimal value of T, = 0.97 is obtained, and the
resulting trajectory is shown in black (in Fig. 6). After reaching
122 m (400 ft), the aircraft performs an initial left turn in order to
avoid the main populated areas and flies in between residential
zones A (as marked in the figure). For this example, residential
zones A become the binding locations according to the egalitarian
principle explained previously [see Eq. (15)]. Then, the trajectory
turns right and flies almost directly to the final point.

More precisely, only a few points located at the outer edges of
zones A actually bind the restrictions for the next step in the
optimization process. Yet, other measurement points located close to
these initial binding locations become blocked immediately during
the subsequent steps. Therefore, for these successive steps, the
obtained trajectory has no appreciable changes if compared with the
first step solution, and the successive optimal annoyance deviations
take almost the same T, value. However, when all the measurement
locations that are located in residential zones A are taken into account
as constraints (i.e., all of them become blocked), a significant change
is observed in the following step of the algorithm. The trajectory
obtained at this second significant step is shown in Fig. 6. Evidently,
after overflying locations A, the trajectory continues westward and
avoids the residential zone B. The new optimal noise-annoyance
deviation becomes T, = 0.81. Then, the third significant step
produces a trajectory with an optimal annoyance deviation of
T3 = 0.62, corresponding to binding locations at zones C, as seen in
Fig. 6. The next significant step binds locations D with T, = 0.34
and, finally, the last significant step achieves T5 = 0.30, binding
locations E. At this stage, all the noise-sensitive locations become
blocked; therefore, the obtained solution is Pareto efficient.

Figure 7 shows the time histories of the control variables and the
rest of the state variables for this final trajectory, and Fig. 8 shows this
trajectory along with the optimal points where the thrust cutback and
the flap/slat retraction actions are performed. As seen from these
figures, an initial climb is performed at the initial V, speed. Then, the
thrust cutback is performed, passing from the takeoff—go-around
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Fig. 6 Significant intermediate steps in the lexicographic-egalitarian
optimization algorithm for the Airbus A340 departure.
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configuration to the climb configuration at 543 m (1780 ft). This
reduction is done just before overflying in between locations A, as
depicted in Fig. 6. In this initial phase, the high-thrust setting, in
combination with the low speed of the aircraft, allows the best climb
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Fig. 8 Optimal trajectories for the Airbus A340. Annoyance map
corresponding to the noise annoyance and operating costs optimized
trajectory.
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Fig. 9 Optimal trajectories for the Airbus A321. Annoyance map
corresponding to the noise annoyance and operating costs optimized
trajectory.

performance. In this way, the altitude is maximized when ap-
proaching locations A and, in turn, the annoyance is reduced. Besides
the altitude, the reduction in thrust just before overflying the
inhabited areas decreases the perceived noise at these locations as
well. A few seconds after this thrust cutback, the aircraft is leveled off
at almost 610 m (2000 ft). This flat segment is used to accelerate the
aircraft and to transition successively from the CONF3 to the CONF1
flap/slat configuration. Another short climb follows, improving the
annoyance at locations B. When these locations are far enough, a
second flat segment at about 700 m (2300 ft) is used again to
accelerate to the final climbing speed and adopt the CONF1 flap/slat
configuration.

On the other hand, when the same optimization process, as
detailed previously, is applied to the Airbus A321 departures, a
completely different final trajectory is obtained. Figure 9 shows the
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Fig. 10 Optimal vertical profiles for the Airbus A321.
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Fig. 11 Optimal speed profiles for the Airbus A321.

optimal trajectory for this aircraft when the operating costs are not
considered. Moreover, Figs. 10 and 11 show the vertical and speed
profiles for this optimized trajectory. If compared with the A340, the
flight performances of the A321 allow an initial tight right turn that
permits flying south from the major populated areas. Thrust cutback
is performed at about 655 m (2150 ft), just before flying to the next
closest residential area. Like in the A340 case, this trajectory also
maximizes the initial climb; therefore, a relative low airspeed is
scheduled. The acceleration segment (and consequently the
retraction of flaps/slats) does not come until all significant populated
areas are overflown. Then, a flat segment is used to accelerate and
clean the aircraft configuration.

2. Considering Operating Costs

Let us now consider the aircraft operating costs, as stated in the
original algorithm, shown in Table 1. In this case, the lexicographic-
egalitarian process explained previously stops when the noise-
annoyance deviations in all nonblocked locations are under the
specified threshold level A = 0.25. Then, the operating costs are
minimized while respecting the noise-optimal values at blocked
locations and this noise threshold at the remaining locations.

Figure 8 shows the horizontal track for the new optimized
trajectory corresponding to the Airbus A340 departure. As seen in the
figure, the first portion of this horizontal track overlaps with the
previous noise-annoyance optimal trajectory. Shortly after the last
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Fig. 12 Optimal vertical profiles for the Airbus A340.
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Table 3 Operating cost values for the different optimal
trajectories (CI =70 kg/ min)

Aircraft Optimization type Time Fuel C,

A340 C, not considered 211s 1492 kg 1738 kg
C, considered 205s 1450 kg 1689 kg

A321 C, not considered 141s 317 kg 481 kg
C, considered 79s 175 kg 267 kg

flap/slat retraction, the new trajectory starts to differ, flying more
directly to the final departure fix. The reason for this difference is
obviously the consideration of the operating costs in the mini-
mization. This new trajectory improves fuel and time efficiency
while not exceeding the maximum annoyance threshold value of
0.25 at the remaining nonblocked locations. Besides the horizontal
tracks, Fig. 8 also shows the annoyance values at the different
populated areas corresponding to this final trajectory. Once a
trajectory is known, the computation of these maps is not a problem
from a computational point of view. A regular (equally spaced,
rectangular) and more accurate grid is used with a mesh of 100 x
100 m of cell dimension. In addition, when drawing these maps, the
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Fig. 14 Three-dimensional view of the final optimal trajectories for both aircraft.

size of the pixels has been chosen in order to correctly tessellate the
different areas.

When looking at the vertical and speed time histories for this new
trajectory, almost no differences are found if compared with those
obtained when minimizing noise annoyance. This is due to the fact
that the initial part of the trajectory almost restricts all degrees of
freedom in how the potential and kinetic energy may be used. As seen
in Figs. 12 and 13, a small anticipation of the CONF1+F to CONF1
slats/flaps transition is observed in this new trajectory, because the
second flat acceleration segment is almost suppressed and the aircraft
has a higher acceleration. However, the final climb airspeed is lower
if compared with the noise-annoyance optimized trajectory, leading
to a steeper climb profile and allowing, in this way, an improvement
in fuel consumption. Table 3 contains the operating costs for this new
trajectory along with the original operating costs of the trajectories
where only annoyance was minimized.

On the other hand, for the Airbus A321, Figs. 9-11 show the
optimal horizontal track and the vertical and speed profiles,
respectively. In this case, it is found that the operating-cost mini-
mization notably changes the final trajectory. The horizontal flight
path is indeed smoother than in the case where only noise annoyance
is minimized. In addition, as seen in all three pictures, the thrust
reduction is performed at 244 m (800 ft), which is the lowest possible
altitude, reducing (in this way) the fuel consumption. The speed and
vertical profiles also change completely if compared with the noise-
annoyance optimal profiles. Shortly after the thrust cutback, a short
level flight is performed, and the aircraft transitions to clean
configuration. This improves climb performance but also minimizes
fuel and time consumption. See Table 3 for these numerical values
and a comparison with the only annoyance optimized trajectory for
this aircraft.

Finally, Fig. 14 shows a three-dimensional view of the these final
optimal trajectories for both of the aircraft.

D. Computational Cost

The previous scenario was solved using a common desktop PC,
based on an Intel E6600 2.3 GHz processor. According to the output
log file of the CONOPT solver, the problem had 179,752 variables
and 271,279 constraints. The first step in the lexicographic algorithm
required more time to converge than the ones following. In this case,
the first optimization steps took an average of 2 h of CPU to converge.
Further egalitarian steps required from a few seconds to 30 min.,
depending on the flexibility left in the optimization. Finally, the
airliner cost optimization took an average of 1 h of CPU.
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V. Conclusions

In this paper, the authors propose an alternative multi-objective
optimization technique that minimizes the noise-annoyance devia-
tion in the worst noise-sensitive location. In this way, the fairness of
the final solution is taken into account according to the Rawlsian or
egalitarian principles. Moreover, the method is enhanced with an
iterative lexicographic algorithm that guarantees that the final
solution enjoys both fairness and Pareto efficiency. Aircraft
operating costs are also considered as a last step in this optimization
process. In particular, noise annoyance is considered infinitely more
important than the operational costs, except in those places where
annoyance values can be below a given threshold, and some tradeoff
between noise-annoyance and these costs is allowed. This meth-
odology permits us to define an irregular and ad hoc grid for the
noise-measurement points, which enables us to take into account
more accurately the actual population distribution without seriously
penalizing the computational load. The feasibility of this technique is
shown with some practical examples in a real scenario, where the
annoyance of residential and industrial zones is considered. The
computational burden required for solving the problem remains at
acceptable levels if considering that these kinds of studies would be
carried out by airport authorities and/or procedure designers when
assessing the operations of a particular airport. The authors believe
that the lexicographic-egalitarian technique is a good approach to
deal with the multiple noise-sensitive locations, which represent
conflicting objectives. Moreover, the consideration of aircraft
operating costs is also an important tradeoff that has to be assessed in
more detail. In this work, a simple strategy is used in order to decrease
these costs at the expense of a slight increase to the overall noise
annoyance. Work is underway studying the sensitivity of this tradeoff
in order to better assess, for example, the most convenient value of
the noise threshold A. In addition, a deep comparison of this
technique with respect to other multicriteria optimization approaches
is also foreseen. The presented results can be seen as optimal noise
trajectories from a theoretical point of view. Future work will deal
with the operational assessment of these trajectories, considering
their flyability, safety, and their integration with other procedures
already existing in the terminal maneuvering area.
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